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Abstract 

Electromagnetism, Dynamical Symmetry Breaking, pseudo-photons. Zero Field Equation; packs: 
03.50.De,11.15,-q,40. In this work it is considered a mechanism of dynamical symmetry breaking for 
extended f/e(l) x ^^9(1) containing, one vector gauge field A (photon) and one pseudo- vector gauge field 
C (pseudo-photon). By choosing a particular solution of the equations of motion we obtain a functional 
description of either field in terms of the other one. In this way we obtain non-trivial configurations 
C = C{A) or j4 = A{C) such that, in the effective broken theories containing only one gauge field, 
the usual field discontinuities in the presence of both electric and magnetic monopoles (Dirac string or 
Wu-Yang non-trivial fiber-bundle) are absent. These fields regularity is achieved through corrections, 
inherited from the unbroken theory, to the standard definitions of electromagnetic fields and four- 
currents. Based in these results we also demonstrate non-triviality of the unbroken theory, in the 
presence of both electric and magnetic four-currents, there are no trivial solutions compatible with the 
equations of motion for both fields. Moreover we demonstrate that, although in complete agreement 
with the Maxwell equations, extended Ue{l) x Ug{l) electromagnetism is not equivalent to the standard 
variational (7(1) Maxwell electromagnetism. We further show that the unbroken theory is invariant 
under a combination of Hodge dualities for the gauge connections, F — > e*G and G ~e*F (e — ±1), 
that has as self-dual point, the field configuration corresponding to the zero-field equation C = —eA. 
In addition this condition has the particularity of being the only configuration compatible with the 
mechanism of dynamical symmetry breaking proposed here that is also gauge invariant in the unbroken 
theory. These characteristics justify the zero-field equation as being a preferred configuration. 
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1 Introduction 



The inclusion of magnetic charge in the Maxwell equations is justified by being the only theoretical expla- 
nation for quantization of electric charge due to the Dirac quantization condition eg = n (Dirac). However 
the introduction of magnetic charge in single U{1) photon theories implies the existence of non-physical 
extended singularities known as the Dirac string (Dirac) or the Wu-Yang fiber bundle (Wu & Yang 1975). 
These singularities are due to the violation of the Bianchi identities for the gauge field along a line (string) 
or a plane (the gluing of the bundles). A possible approach that eliminates extended singularities is to 
consider one extra auxiliary gauge field C. This framework has been originally put forward by Cabibbo and 
Ferrari (Cabibbo & Ferrari 1962) and further developed by Schwinger (Schwinger 1966). More recently, the 
extension to a theory with gauge group Ue{l) x Ug{l), containing both a photon A and a pseudo-photon C, 
have been studied in (Singleton 1995, Cardoso de Mello & al. 1996, Berkovits 1996, Carneiro 1997, Castelo 
Ferreira 2005) and hold regular field solutions in the presence of both electric and magnetic monopoles. In- 
dependently of the existence of magnetic monopoles the inclusion of a pseudo-photon is also justified in the 
presence of external non-trivial field configurations that violate the gauge fields Bianchi identities which, 
at variational level, cannot be accounted by the Maxwell action for a single photon (Castelo Ferreira 2006). 
Theories with a pseudo-photon C raise also the question to whether this field is simply a mathematical 
artifact, or a real physical particle that have so far not been directly detected. If the pseudo-photon is 
a real physical field it remains the pertinent question weather such theory has some sort of phase tran- 
sition and which physical systems are in an unbroken phase, where both A and C fields are present, or 
in a broken phase of the theory were only the standard photon or pseudo-photon arc present. Already 
available theoretical results, indicate that exist both physical systems which exhibit an unbroken phase 
(electromagnetism in the presence of non- regular external electromagnetic fields (Castelo Ferreira 2006)), 
physical systems which exhibit a broken electric phase (Andcrson-Schwinger mechanism (Schwinger 1962, 
Anderson 1963, Proca 1988) for plasmon mass generation (Castelo Ferreira & Mendonga 2006, Mendonga 
& Castelo Ferreira 2006)) and systems that exhibit a broken magnetic phase (fractional Hall effect (Tsui & 
al. 1982, Laughhn 1982, Girvin & MacDonald 1987, Zhang & al. 1989, Jain 1989) in planar systems (Castelo 
Ferreira 2007)). These studies indicate that the pseudo-photon may be a truly physical field, instead of 
a mathematical auxiliary field. Also it is important to note that in (Castelo Ferreira 2007) is proved the 
equivalence between Dirac's quantization condition and the experimental measured quantization of mag- 
netic flux in the fractional Hall effect. This equivalence is only fully consistent in extended Ue{l) x Ug{l) 
electromagnetism. These results motivate further studies in this theory. 

The action with gauge symmetry Ue{i-) x Ug{l) for electromagnetism, with one gauge vector field A and one 
gauge pseudo- vector field C, coupled to electric and magnetic sources is given hy S = /So + Ssources (Cardoso 
de Mello & al. 1996, Castelo Ferreira 2005), 



So = - [ 
Jm 



(1) 



where the gauge connections are = d^Ai, — di^A^, and G^i, = d^Ci, — 8^0^,, and 



Sso 



[ \{A,-eC^)J^-{eC^+A^)J^] . (2) 



A and C do not constitute independent fields and are defined by the differential equations (Castelo Fer- 
reira 2006) 

F'^'^ = ^e''-^PFxp , G'^'' = ^e'^'-^^G^^ , (3) 

where the dual gauge connections are Fj^y = d/^A^ — dj,A^ and G^j, = d^Cj, — d^C^. The electromagnetic 
physical fields in the unbroken theory corresponding to the above action are defined as (Singleton 1995, 
Castelo Ferreira 2005) 

Ei = F°* - ^e^'^^Gjk , B' = eG°' + ^e^'^'^Fjk ■ (4) 

In the original works (Cabibbo & Ferrrari 1962, Schwinger 1966) the pseudo-photon was considered to be a 
non-physical auxiliary field, which through an appropriate constraint, would be effectively excluded from the 
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theory. The specific constraint considered in these original works, as well as in subsequent works (Cardoso 
de Mello & al. 1996, Berkovits 1996, Carneiro 1997) is the zero-field condition 

= ^-e'^'^^PFxp ^ Cp = ~eAp . (5) 

Alternative approaches were further developed in (Zwanzinger 1968, Brandt & al. 1979), with the drawback 
of not preserving either space isotropy or Lorentz invariance, as well as to consider a very massive pseudo- 
photon (Singleton 1995). In this work our aim is to investigate if effective theories with one single gauge field 
can be obtained from a theory with photons and pseudo-photons through some mechanism of dynamical 
symmetry breaking. In particular if the zero-field equation ([5]) is applicable in this framework and what 
are the consequences of such mechanism at the level of the effective broken theories. We are going to work 
mainly at variational level, having as starting point the above action S = Sa + 5*30111x03 given in (JT]) and ^ , 
and using the equations of motion to find appropriate field configurations. 



2 Effective Theories in the Absence of Sources 



In this section we derive the equations of motion for action ([T]) and show that the generic non-trivial solutions 
kill half of the degrees of freedom of the full theory rendering either the standard Maxwell action, with 
only one gauge field, or its magnetic counterpart. As we will show both effective actions differ by a minus 
sign such that the pseudo- vector gauge field is a ghost field, as already shown in (Castelo Ferreira 2006). 

For non-regular gauge fields the equations of motion obtained by varying the action ([T]) with respect to Ci, 
and Al, are 

S^G'^" = -le^'^^^a^FAp , dpF'^'' = t^f^-^Pd^G^p . (6) 

We note that these two equations are linear dependent, in particular arc Hodge conjugated to each other, 
hence they constitute only 4 independent equations corresponding to = 0, 1, 2, 3. Also a direct conclusion 
from the above equations is that the Bianchi identities for each field are related to the equations of motion 
for the other field. It is this fact that in the presence of external non-regular electromagnetic fields allow 
the induced electromagnetic fields to be expressed in terms of regular gauge fields only. External fields have 
been studied in detail in (Castelo Ferreira 2006), in the present study we consider only external electric 
and magnetic four-currents. We will first address the case of non-regular fields and later address the case 
of regular fields. 



2.1 Electric Solutions for Non- Regular Fields 

The non-trivial generic solutions for the equations of motion ^ are obtained by direct integration of the 
equations and are defined up to a closed 2-form, i.e. an antisymmetric tensor f^^, defined in terms of a 
regular field a^, 

G^'" ^-U^^''^PFxp+'^e^^''^Php , fp, = dpa,-d„ap , e^^'^^P hp = . (7) 

In these solutions we have considered, for convenience, a dimensionless constant that, up to rescaling of the 
fields a^, can be set to unity ae = ±1. By replacing the solution ([7]) in the original action llj, we obtain 
for each of the terms constituting the action, the following expressions 

+ ^Fp,FP'' = +^Fp,FP-' , 

-^G^.G'"' = +^F^^FP'' + ^fp,,r''-^ea,F^J^'' , (8) 

e 



Here we used the identity 



eP'''fXspe^J''''Ys,p, = -4X^.y^^ (9) 
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valid for antisymmetric rank two tensors X and K in a flat 3 + 1-dimensional Minkowski space. Replacing 
the expressions (H)) in the unbroken action ([T]) and electromagnetic field definitions (|4]) we obtain the effective 
action and electromagnetic field definitions 

^Electric = " / -J r , = e«e/" , = ■ (W) 

This action is recognized as the standard Maxwell action for the gauge field with gauge symmetry C/g(l) 
and, for ecte = +1, the field definitions correspond to the standard ones of electromagnetism. The equations 
of motion for the broken theory are now given by 

d^f^- = . (11) 

These equations can consistently be obtained by direct replacement of the solution ([7]) in the equation of 
motion ([S]), or by a variation of the effective broken action PU)) with respect to the field a^. The equations 
of motion for a (fTTj) , together with the respective Bianchi identities ([7]) , constitute the standard Maxwell 
equations. 

2.2 Magnetic Solutions for Non-Regular Fields 

To obtain the effective magnetic solution we use the same approach. The non-trivial solution of ([5]) for F^i, 
is, up to a generic antisymmetric tensor g^^ defined in terms of a regular gauge field c^, given by 

F^'" ^^e^''^PGxp + ^e^'''^Pgxp , 9^.. ^ d^^c, ~ d^c^ , e^'^^^d^gxp ^ . (12) 

Again, for convenience, we considered a constant ag = ±1. Replacing this solution in the original unbroken 
action ([T]), we obtain the following expressions for each of the terms 

p,u^ — fiu^ 1 

+ ^F^.F'^'^ = --G^.G^^ -^g,,,g^^ --eagG^.g^^'' , (13) 
— ^^^"^^F^i/Gxp = +-Gfj_,yG^'' H -^Gfj^^g^'^ , 

where again we used the identity Hence from ^ we obtain the effective action, and from ^ the 
electromagnetic fields definitions 

^Magnetic = + / ^Sp.ff^'' , E^ = ^e«-"=5,fe , B^ = • (14) 

This action has the opposite sign than the usual Maxwell action. At classical level this is not relevant, 
however upon quantization it renders negative energy eigenstates, thus the field is interpreted as a ghost 
field (Castelo Ferreira 2006) with gauge symmetry Ug{l). By comparing these definitions with the original 
field definitions ^ for the unbroken theory, we conclude that for ag — —e are obtained the standard field 
definitions. The equations of motion are given by 

d^.g^" = , (15) 

and are obtained consistently, either by direct replacement of the solution (|12p in the equation of motion ([6]) , 
or by a variation of the effective broken action ([T4|) with respect to the field c^. The equations of motions 
for c (fT5|) . together with the respective Bianchi identities (fT2|) . constitute the magnetic counterpart of the 
Maxwell equations. 

2.3 Solutions for Regular Fields 

For regular gauge fields the Hopf term in the action ([T]) is a total derivative and does not contribute to the 
equations of motion. Therefore, upon variation of the action ([T]) with respect to the gauge fields Ci, and 
A^, we obtain the equations 

a^G^'' = , ^f,F^"' = . (16) 
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Due to the fields being regular these equations are supplemented by the respective Bianchi identities 

e^'•'^P^^Gxp = Q , e'^'^^Pd^F^^p^O . (17) 

The most generic solution for both equations of motion p6p are, respectively, 

G^" = e^'^Ph^Sp , F'"" - ^'""^"hlp , (18) 

for generic rank two tensors obeying eP'^^Pdi^h^p — e^'^^Pd^hg^ = 0. We are considering regular gauge fields 
only, hence without loss of generality, we can consider the field redefinitions 

6 ^g ^ 

^fiv = +2^^"^ ^ T^Qp-u : hpii = ^'^F^u H ■^fpy 1 (19) 

with /^^ and g^j_i, defined as in ([7]) and (|12p . In this way we retrieve the same expressions for the solutions 
that we have obtained for non- regular gauge fields in ([7]) and (|12p . respectively. The remaining of the proof 
follows in the same manner as for non-regular gauge fields, such that we obtain the respective effective 
electric action ([T0| and effective magnetic action (|14p . However it is important to stress that here, the 
solutions (fT9|) for each gauge fields C and A, are regular and the coupling of both sectors can only be fully 
justified by demanding consistence of the theory with the existence of non-regular gauge fields (Castelo 
Ferreira 2006) (or/and magnetic monopoles (Castelo Ferreira 2006)). To finalize our discussion we recall 
that the standard definitions of the electromagnetic fields and actions in electromagnetism correspond to 
setting the integration constants ag and Ug to be 

tte = e , ttg = -e . (20) 

Here e stands for the relative terms of the Hopf term in ^ . 



2.4 On Trivial Solutions 

So far we have not addressed the trivial solutions of the equations of motion. In addition to the non-trivial 
solutions ([7]) and we can consider the cases cte = and = which correspond to 

= +iA^ . (21) 

This solution holds a trivially null effective action S'cfr — 0, which implies killing all the dynamics. Moreover, 
without any external sources or external fields, this solution is actually expected. The theory does not 
have any dynamics and the action is null. Hence the non-trivial solutions ([7]) and p2|) . although formally 
obeying the equations of motion (being an extrema of the action), cannot be physically justified as preferred 
in relation to the trivial solutions (j21[) . In the next section we include external source terms which, as we 
will show, justify the non-trivial solutions as the only allowed ones, the trivial solution will no-longer be 
extrema of the action. 



3 Inclusion of Source Terms 

We proceed now to compute the solutions of the equations of motion in the presence of both electric 
and magnetic four-current densities. For non-regular gauge fields, upon variation of the full action S = 
So + S'sourccs given by ([T]) and ([2|) with respect to Ci, and A^, , we obtain the equations 

d^G^''^ = ej; - ie'^-^PdpF^p , (22) 

dpF^^'^ = J,^ + le^^-Va^GAp . (23) 

We note that as opposed to the equations of motion in the absence of sources, these equations are no 
longer Hodge conjugated to each other. Then, in order to obtain effective electric and magnetic theories, 
one has to choose which one to solve. In order to integrate (hence lower the order) of these equation we are 
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re-writing the action in terms of gauge invariant quantities (Schwinger 1951). So let us consider an Hodge 
decomposition for the currents that obey the continuity equations 9pJ^ = df^Jj^ = required for gauge 
invariance of the fuU action. 
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Jif = ie^'-^^a.^^p + , d^r^^'^ = 0, 

(24) 

Here (pe and (j)g are close 2-forms and Ce and Cg are constant background currents. In the following we 
address local current densities only, hence we set Ce = Cg — Q. For constant backgrounds due either 
to topological non-trivial charge configurations, large gauge transformations or Wilson lines we generally 
have Ce ^ and Cg ^ 0. See, for example (Schwinger 1962, Anderson 1963, Proca 1988, Castelo Ferreira & 
Mendonga 2006, Mendonga & Castelo Ferreira 2006), where a Proca mass for the surviving field is generated 
in presence of background currents. Using the above Hodge decompositions (|24|) we can rewrite the action 
terms containing the current densities in ([2]) as 



^Sources 



if 



(25) 



In deriving this expression we have performed an integration by parts and discarded boundary terms. This 
action is explicitly gauge invariant, it only depends on the gauge connections, therefore the equations of 
motion can be written in terms of the gauge connections instead of its derivatives. For completeness in our 
discussion, it is also interesting to note that at classical level one can consider the degrees of freedom to be 
the gauge connections instead of the gauge fields. This means that, up to integration constants, varying 
the action with respect to the gauge fields A and C or the respective gauge connections F and G hold 
the same equations and we could consider an effective non-gauge theory. We do not develop this possible 
construction here, instead we are assuming that the physical degrees of freedom are encoded in the gauge 
fields A and C. 



3.1 Electrical Solutions for Non- Regular Fields 

Using the Hodge decomposition for the currents, we can integrate equation obtaining 

G^^'' = ^-e^^^^'cj^l^ ~ ^e^^^^^Fxp + y e^''^''/Ap • (26) 

Here / is defined in terms of a regular field a, as given in equation ([7]) and, again for convenience, we 
consider a constant ag = ±1. Considering solution and the Hodge decomposition ([M]) for the currents, 
we obtain for each of the terms constituting the action S = So + S'souices given by IJ) and ((25)) , the following 
expressions 

-L-F P'^" — +-F F^"^ 
4 '"^ ~ 4 '^'^ ' 

1 1 (T^ Iffy 

-ie^-^PF,^G,, ^ -Ip.^F'^-^ + ^F.^r + ^F'^'^r,. , 

+ \e^->^PF,^<t>l^ = +\e^-^PF,^<t>l^ , 



(27) 



4 P-TAp ' ^ 
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Where, again, we used identity ([9]). Hence the effective electric action is 

" - -J P 



'Electr 



(28) 



The last two terms contribute to the vacuum energy and, at classical level, as long as we are not dealing 
with gravity, are irrelevant. For tUe = +1, the first three terms, are recognized as the Maxwell action in 
the presence of local electric and magnetic charges (Schwinger 1951). Also it is important to stress that 
for regular a and the currents obeying the Hodge decomposition the third term is a total derivative. 
Then we obtain the effective action (up to a vacuum energy shift) and the effective electromagnetic fields 
definitions 

'1 



5] 



Eloctr 



M 



kg Oi 



1 



(29) 



In deriving these results we have integrated by parts the second and third terms of (I^S)) and considered the 
identity e^'^^^e,^'^ 0Qj, = — 2(/)^°\ This is the standard Maxwell action in the presence of electric sources 



and the field expressions are obtained by the direct replacement of the solution (pS)) for G in the fields 
definitions ^ of the unbroken theory. For eofg = +1 these expressions correspond to the standard defini- 
tions in electromagnetism plus a contribution from the magnetic sources. This means that the magnetic 
current effects are still present in the effective theory, not at the level of the action but at the level of the 
electromagnetic fields definitions which are inherit from the unbroken theory. 



3.2 Magnetic Solutions for Non-Regular Fields 



Using the Hodge decomposition (|24p for the currents we obtain that the generic solution for the equations 
of motion (^5)) is 



p^u ^ _£A<-Ap^e^ ^ -e^^^^PGxp + -fe^^^^Pgxp . (30) 

Again the field g is defined in terms of a regular field c, as given in equation (|12p . and once more for 
convenience, we consider a constant ag — ±1. Replacing the solution ((30|) in the action S = Sq + 5sourcGs 
given by ^ and (|25p we obtain for each of the terms constituting the action the following expressions 



1 p PM"^ 



pu ^ Ap 

e 

pyrxp 



Ap - 

Where again we used the identity 

•5*Magiietic — 



^ pu^ 1 



2a 



g Q pv 



lepu 



2 
1 



4 4^ 

\G^'''i>% , 
-te^^^f'Gp.<\>l^ , 

\^''^^''<l>lA\p + {^'"''GpAl^ + ^e'^-^^^gp^^l . 



Hence we obtain the effective magnetic action 



M 



gp^cpl^ - a^g^^'^cj^l. 



lepu 



(31) 



(32) 
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As in the electric case, the last two terms contribute to the vacuum energy. For ag = — e, the first 
three terms are recognized as the magnetic counterpart of the Maxwell action in the presence of local 
electric and magnetic charges (Castelo Ferreira 2006). For c regular and the currents obeying the Hodge 
decomposition ([24|) the third term is a total derivative. Then we obtain the effective action and the 
electromagnetic field definitions 



S 



Magnetic 



M 



(33) 



This action is the magnetic counterpart of the Maxwell action in the presence of magnetic sources and the 
effective field definitions have, in this case, a correction due to the presence of electric sources. 

3.3 Solutions for Regular Fields 

For regular gauge fields the equations of motion for the action S = Sq + 5'sourcos given by ([1]) and ^ are 
obtained by a variation with respect to C and A, holding the equations 

d^G^"" = ej; , a^F^'' = . (34) 

Using the current decompositions (I24p the generic solutions for these equations are, respectively 

G^" = ^e'^-'^'cl^lp + H^" , F'"' = ^£^"^"0^^ + : (35) 

where He and Hg are closed 2-forms such that dfj^H^'^ — df^H^'^ = 0. As we did in section[5]we can consider 
a field redefinition of the form 

^2 2 ' 2 2 ' 

such that we obtain the same expressions for the solutions of non-regular gauge fields, as given in (|26p 
and ([50)1 . The remaining of the proof follows in the same manner as for non- regular gauge fields, such that 
we obtain the same effective actions and electromagnetic field redefinitions given in ([29)1 and p3|) . Again 
we stress that the coupling between both sectors is only fully justified by considering compatibility with 
the existence of non-regular field configurations. 



3.4 Maxwell Equations and Current Densities Definitions 

Let us address what are the consequences of the above results at the level of the Maxwell equations, in 
particular of the physical fields definitions ((29|) in the effective theory that, as we have seen, are inherit 
from the physical field definitions ^ of the original unbroken theory. In the electric broken theory the 
equations of motion and the Bianchi identities are given, respectively, by 

dpf^^'^r, , e-^^^^a^jAp = . (37) 

The equations of motion are obtained consistently either by direct replacement of the solution ([26|) in the 
equation of motion ([6|) or by a variation of the effective action ([29|) with respect to the field while the 
Bianchi identities are due to the field a being regular by construction as given in ([26]) and ([7]). Equations (fSTjl 
correspond to the 8 Maxwell equations {v = 0,1,2,3), in order to rewrite this equations in terms of the 
electric and magnetic fields definitions (p9)) let us define the tensor T 

= , = -]^e'^^B^ , = T^, - . (38) 
Hence the Maxwell equations are written as 

d^T'^'' = J: , e^'^^^a^.^Ap = j; , (39) 
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which are straight forwardly recognized as the generahzed standard MaxweU equations in the presence 
of magnetic currents (Jackson 1975). In the first equation the term dependent on the magnetic current 
is nuU according to the Hodge decomposition ([24|) . i.e. d^4)^^^ = 0. In the second equation we have 
used the Hodge decomposition ()24p in order to rewrite the equation in terms of the magnetic current 
= e'^'^^''d^(f)gp/2. So we manage to recover the effects of magnetic currents in the broken theory at the 
level of the Maxwell equations. The gauge fields are regular and the re-appearance of magnetic current is 
due to the electric and magnetic field definitions p9|) . Although this construction may seem to consist in a 
simple redefinition of the gauge field a^, it is not so. In order to see it explicitly, let us note that could 
be written in terms of a four- vector field iy9^, obeying the following equations 

'/>^. = - 9.^^ , e'^-'^pd^^dxip'p^j^ , 9.av^-5.av^- (40) 

The second and third equations are obtained directly from the Hodge decomposition ([^ and are due to 
requiring compatible with the continuity equation d^J^ (hence gauge invariance). We readily conclude that 
indeed, the dependence on cj)^^ of the field definitions cannot possible be eliminated by a redefinition 
of the gauge field a^, or equivalently of the gauge connection f^^. By construction is a regular field 
obeying the Bianchi identities {e'^'^^^'d^fxp = 0), while the field (pf^ is non- regular, its Bianchi identity is 
violated as given by the second equation in (j40|) . Given these results, and for completeness, we also note 
that fpi, and ^^^^ correspond, generally, to the two components of an Hodge decomposition of the tensor 
Tf_i,i, defined in equation ([38]) . that can also be defined in terms of a general field = -I- (^^ such that its 
regular and non-regular parts are respectively and f^. If one considers this field to be the physical gauge 
field we would simply obtain the original singularities in the gauge fields (the Dirac string and Wu-Yang 
fiber-bundle). Let us stress the crucial differences between our approach and the approaches which consider 
the gauge field A as the physical field: In the present construction we simply are not allowed to redefine 
the physical field — > a^^ + ip^^, by construction this field is regular. There is also another important 
point concerning our last comment, the full unbroken theory contains both photons and pseudo-photons 
degrees of freedom, while in any of the effective broken theories half of the degrees of freedom are truncated, 
nevertheless the physical field content in the broken theories is inherited from the unbroken theory and 
we cannot freely choose what our fields are, they are constraint by the field configurations used in the 
dynamical symmetry breaking. Moreover, by the end of this section, we will have prove non-triviality of 
the full unbroken theory in the presence of both electric and magnetic monopoles which implies that it is 
not possible to describe the theory by the standard U{1) variational Maxwell theory. These crucial remarks 
clearly distinguish our broken effective theories from standard variational electromagnetism in the presence 
of magnetic monopoles. By construction the singularities are not included, and cannot be included, in the 
gauge fields. 

In the effective theory the electric and magnetic charge {Qe and Qg) and the electric and magnetic 3-current 
fluxes (j^g and j^^) are defined as 

Qe = / dx^dif' + - [ dx^d,(j)S°' = (f dx^f'n,= ( dx^J° 



/ ^ Jm JdM Jm 

dx^djP' + - dx^dj(t)Si' = &> dx^r^Ui = / dx^Ji , 

Qg - / dxh^'^dj^k + \ dx^e^^^d^cl^s = i i dx\'^''cf>%n, = / dx'j° , (41) 
M ^ J M 1 " 



Jm ^ Jm ^ 

= \ \ dx^e^^''^, - / dx^^^'^c^l^n, ^ [ dx^Jl . 
^ Jm JdM Jm 



This result is consistent with the previous results. Electric charge corresponds, as usual, to the C/(l) 
group charge, however we must stress that magnetic charge definition is inherit from the unbroken theory 
and cannot, in the broken theory, be interpreted as group topological charge. Nevertheless the canonical 
variables of the theory are going to be sensitive to these currents. The canonical momenta of the unbroken 
theory and the respective effective canonical momenta for the broken electric theory are 
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The first expression is obtained by varying the action ([T]) with respect to SdoAi (Castelo Ferreira 2006) 
and the second expression is obtained by replacing the solution ((26)) for the C field in the first expression. 
This is the same procedure we employed to obtain the effective definitions (f29|) of electromagnetic fields. 
For the case of of canonical momenta we can further derive this result directly from the broken theory. By 
noting that we have integrated by parts the third term in action (|28p we obtain a time-boundary term of 
the form 

5'bound = iae / d^xAi(h3°' 



(43) 

tl 

This is actually not a standard boundary term, in more exact terms are initial conditions for the equations 
of motion that ensure global conservation of magnetic charge. Nevertheless its effect holds the correc- 
tion (im, as long as eae = +1, which coincides with the choice corresponding to the standard definition of 
electromagnetic fields in (|29p . Similar results hold for the magnetic effective theory. 

As a very simple example let us consider the effective electric theory of a point-like static electric charge 
located at re = {xl,xl,xl) and a point-hke magnetic charge qg located at Tg = (a;J, Xg, x^). The solution 
for the a field at a given point r — {x^, x'^,x^) is the standard one, while the solution for can be inferred 
from the solution for G^^ corresponding to a magnetic monopole in the unbroken theory, i.e. 

«o(r) = ^ , a.{r) = , ^ = , - '-^^f^^^ ■ (44) 

As usual, due to considering point-like charges, we have singularities at r = Tg and r = r^, however as 
expected we have no extended singularities in the gauge field a of 0. The electromagnetic fields defini- 
tions p9p and the space-time equations of motion (Lorentz force) for a particle of electric charge q and 
mass m are 



^ qA^-xj) ^ %{x^-xl) 

^ ^ |r-re|^ ' ^ ' |r-rg|3 
_ qqe{x' ~ xl) , ggge%fei^(x'= - 4) 



(45) 



|r-rer |r-igr 

Accordingly to the charge definitions (|4T|l the total electric charge is Qe = qe and the total magnetic charge 
is Qg = qg. 



3.5 Again on Trivial Solutions 



The trivial solutions (|2ip are no longer valid, we note that by including the source terms the equations of 
motion for G ([22|l and F ([23|l are no longer Hodge conjugate to each other, hence are linear independent 
(as opposed to Q in the absence of sources). Also, in the presence of generic four-currents, considering the 
trivial solutions corresponding to solutions (|26|) and (|30p with ae = and ctg = is not possible. Simply 
they are not compatible with each other. Let us exemplify it, take the case of the electric trivial solution 



Qf^u ^ i^pi^^P^a _ i^P^^Pp =^ <( a ■ (46) 
2 2 I ^eP'^^Pg,, = , ^ ' 

where the first expression corresponds to solution with ag = (which is a solution of the equation of 
motion (j22p ) and the second ones to the remaining equation of motion (j23p corresponding to this particular 
solution. Due to g\p being regular by construction, this equation decouples in its Hodge components which 
must, independently of each other, obey the equation. In the presence of electric and magnetic charge these 
are not obeyed, hence the trivial solutions are not extrema of the action and the only allowed solutions are 
actually of the form and ([50)1 with ^ and ^ 0. The respective broken theories have, for these 
non-trivial solutions, consistent equations of motion, as given in p9p for the electric case. It is interesting 
to note that this result also shows non-triviality of the unbroken theory. The same arguments are valid 
if, instead of magnetic monopoles, one considers external non-regular fields as in (Castelo Ferreira 2006). 
In addition these results also explain why the broken effective theories are not equivalent to standard 
electromagnetism, as already mentioned before, the broken physical gauge fields cannot be freely chosen. 



jr = ea^0^^"^-o 
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they must be compatible with the unbroken theory, in particular are regular. Hence we have conclude our 
prove of non-equivalence between extended C4(l) x Ug{l) clcctromagnetism and standard U{1) variational 
Maxwell theory. However we stress that our construction is in complete agreement with the Maxwell 
equations which, we recall, have been inferred phcnomcnologically from experiments. 

4 Singularities, Gauge Invariance and Zero-Field Equation 

4.1 Singularities and Gauge Symmetry Breaking 

Let us resume the construction developed in the previous sections. By solving the equations of motion 
of the original theory containing two gauge fields we have managed to obtain one broken electric and one 
broken magnetic effective theories with only one gauge field. We achieve these by choosing to replace in the 
original action either G or F such that, at functional level, we are expressing each gauge field as a functional 
of the other one, respectively C = C{A) and A = A{C). In our construction the effective theories given 
by actions and are defined in terms of only regular fields a and c. Hence the usual singularities 
and/or discontinuities of the fields (Dirac,Wu & Yang 1975) are encoded in the non-trivial solutions for the 
effectively excluded fields. This is the main novelty in our construction and we note that a similar feature 
is already considered in (Cardoso de Mello & al. 1996, Berkovits 1996, Carneiro 1997). Concerning the 
interpretation in terms of the degrees of freedom of the theory we note the dynamical symmetry breaking 
conditions consist of 4 independent equations that constraint 8 field components A^^ and {fi = 0, 1, 2, 3). 
Therefore as expected we obtain 4 independent gauge fields encoded in or c^, we start with 6 degrees 
of freedom (4 physical) corresponding to one massless photon and one massless pseudo-photon and end up 
with only 3 degrees of freedom (2 physical) corresponding to either the massless photon or the massless 
pseudo-photon. As for gauge invariance there is a subtlety in the gauge symmetry breaking mechanism. 
We start by having a gauge symmetry Ue{l) x Ug{l) and broke it down to one single U{1) (either C/g(l) 
or Ug{l)), however we did not properly address what is the exact relation between the surviving symmetry 
and the original gauge symmetry. In order to see it explicitly take for example solution (O, as it stands 
this solution is gauge invariant under any of the groups. However expressing it in terms of the gauge fields 
instead of the connections, that is no longer the case 

= iAf_, ~ aeUfj, . (47) 

This solution is defined up to a closed 1-form uncharged under both groups, although it can be offset by a 
gauge transformation it does not change any of the arguments that follow. Let us consider a Ue{l) x Ug(l) 
gauge transformations with regular gauge parameters Ae and Ag for some fields A^^, and 

Af, = Af, + df,Ae - edf,Ag , (7^ = 6-^ + 9^ Ag + Ae . (48) 

Each field is charged under both Ue{l) and Ug{l) as can explicitly be seen from the current couplings 
however we note that each of the fields is charged under one of the group currents and is topological charged 
with respect to the other group (Castelo Ferreira 2006). Considering these gauge transformations (|48l) in 
the solution for the field C ((47|) we obtain 

Gf, ^iAf,- ae - 29^Ag + 2edf,Ae = e - + 2ed^Ae . (49) 

As long as the parameter Ag is regular Ag = 0, as expressed by the dual fields definition ([3]). Then the 
equivalent parameter of the gauge transformation corresponding to the field a that reproduces the gauge 
transformation in (|49p is 

Ae = -— Ae . (50) 

ae 

This equation constitutes a map between the original Ue{l) and Ue{l) such that Ue{l) = Ue{l)- For 
the standard integration constants choice (j20p we have ag = e and this map corresponds both, to a 
sign inversion, and a rescaling of the gauge parameter. Therefore we conclude that the gauge symmetry 
corresponding to the surviving field a, in the effective electric theory, is Ug{l) corresponding to the symmetry 
breaking Ue{l) x Ug{l) f/e(l)- For the magnetic effective theory a similar result holds and we obtain 
the map Ag — —2eAg/ag corresponding to the gauge symmetry Ue{l) x Ug{l) Ugi^)- 
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4.2 Hodge Duality as a Symmetry and Zero-Field Equation 



Next we discuss a duality that constitutes an explicit symmetry of the action and its relation with the zero- 
field equation ([5]). This condition was considered in the original studies on magnetic monopoles (Dirac, 
1948,Cabibbo & Ferrari 1962) and our main motivation is to investigate if it has some special meaning in 
relation to our mechanism of dynamical symmetry breaking. Let us start by noting that, relating each of 
the gauge connection (or equivalently each gauge field) trough Hodge duality, leaves the action invariant. 
Considering the duality transformations 

2 ^ ~ (51) 

we obtain that the several terms in the actions ^ and ^ transform as 



4 4 
-1(7 ni^" A--F 



-{iC + Ap ^ - (eC + Ap ) , 

hence the duality (jSip leaves the Hodge terms invariant and transform the Maxwell terms into each other, 
being an exact global symmetry of the action, i.e. Sq + ^sources ^ So + 5'sources- Also it is straight forward 
to show that both the electromagnetic fields (|4]) are invariant under this duality. The most interesting fact 
is that the zero-field equation ^ corresponds to the field self-dual condition = — eA^ corresponding to 
the following relation between the field and A^, 

a^ = -A-s C^ = eA-°S-eA;r^ . (53) 

We have explicitly decomposed the A — A'-'^^ + ^"'■'^s ggld into a regular part and an non-regular part 
^nreg^ This is & generic approach and is due to the field a being regular by construction, such that the 
regular parts and the non- regular parts of the equations must be treated independently. Relating this result 
with the above gauge symmetry breaking we note that it corresponds to the case for which the map (|50|) 
does not holds a scaling of the gauge parameter. Moreover we note that condition (|53|) is gauge invariant 
under any regular gauge transformation of the unbroken theory. In this sense the zero-field equation is 
indeed a preferred solution, it is the only field configuration allowing dynamical symmetry breaking that is 
gauge invariant as well as duality invariant. It is missing to describe how the dynamical symmetry breaking 
is achieved for this particular condition. The only difference in relation to the previous treatment is that 
we have to account separately for the regular and non- regular components of the fields. With out loss of 
generality let us define the regular field C^^^ by subtracting the non-regular part of A from the C field 

Cj^'> = C- e ^"'■"s ^ C^o) = -iA'°^ . (54) 

The second expression is directly obtained from the non-regular zero-field equation (O, hence it constitutes 
its regular version, being a particular case of our construction. The respective effective electric action and 
electromagnetic field definitions are 

4iLtric = -/ , i?''^2F-s°^ , = e^^'^F/f , (55) 

Jm 

given only in terms of the regular fields A'-'°s. We note that the usual normalization is obtained by consider- 
ing a rescaling of the fields by a factor of 1/2. In the presence of sources we can generalize this construction 
by including the non-regular field ipf^ as introduced in equation ([40)1 . Then the generalization of ([54)1 is 

Cj^^^^^C,~e + ^ Cj°^f) = -e . (56) 
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As already discussed the field ^p^ is non- regular as expressed by (|40)) . hence cannot be included either in the 
regular part of A or in the field a which is also regular by construction. We have shown that duality and 
gauge invariance of the zero-field equation differentiate it as a preferred configuration, however this choice 
is not mandatory. In principle the relation between the a field and the A field describes as the original 
degrees of freedom encoded in the A field are mapped to the surviving degrees of freedom encoded in the 
a field. If the mechanisms presented in this work exist in real world, it must be experiments to test this 
theoretical preference. Also it is important to stress that in this discussion we are assuming that there is a 
direct mapping between a and A, our generic construction does not require any map between both fields a 
and A, it simply kills the degrees of freedom encoded in the C field and exchanges the degrees of freedom 
encoded in the A field of the C/e(l) x Ug{\) theory, by the degrees of freedom encoded in the a field of the 
effective C/e(l) theory. Similar results hold for the magnetic case. 

5 Conclusions 

In this work we have presented a dynamical symmetry breaking mechanism for extended f7e(l) x C^g(l) elec- 
tromagnetism containing both photons A and pseudo-photons C . This mechanism renders broken effective 
C/g(l) and Ug{\) theories with only one gauge field incorporating both electric and magnetic four-currents. 
The most remarkable feature of our construction is that the extended singularities (Dirac string (Dirac) 
or Wu-Yang fiber bundle (Wu & Yang 1975)) characteristic of theories with one single U{1) gauge field 
containing both electric and magnetic four-currents, are absent. Both four-currents are still present in the 
effective theories but are described through corrections to the standard definitions of the physical elec- 
tromagnetic fields inherit from the unbroken theory. In the same manner, also the canonical momenta 
definitions gain corrections inherited from the unbroken theory. At variational level in the effective broken 
theories these corrections to the momenta are justified by properly considering the boundary contributions 
induced by the dynamical symmetry breaking mechanism. We have also shown that, in the presence of 
both electric and magnetic four-currents, trivial field configurations are not compatible with the equations 
of motion for both the gauge fields A and C. This proves non-triviality of the theory. Moreover, although 
extended ?7e(l) x Ug{l) electromagnetism is in complete agreement with the phenomenological Maxwell 
equations, these results imply that it is not equivalence to standard variational Maxwell theory. 

In this work we have addressed only local current densities which can be coupled, at variational level, 
directly to the gauge connections. This construction have previously been considered in (Schwinger 1951) 
holding that the action is explicitly gauge invariant. However it excludes non-local currents such as con- 
stant background currents, non-trivial topological charge configurations, large gauge transformations, Wil- 
son line effects and other topological effects. When such backgrounds are considered, depending on the 
specific framework, can be generated a Proca mass for the surviving gauge field (Schwinger 1962, Ander- 
son 1963, Proca 1988). This is studied in detail and applied to unmagnetized plasmas in (Castelo Ferreira 

6 Mendonga 2006, Mendonga & Castelo Ferreira 2006). We have also shown that there is a preferential 
field configuration that corresponds to the zero-field equation (Cabibbo & Ferrari 1962, Schwinger 1966). 
This configuration corresponds to the self-dual point of a duality constituted by a combination of Hodge 
dualities that is a global symmetry of the unbroken action. In addition the zero-field condition is also the 
only gauge field configuration that, when written explicitly as a non-differential relation between the gauge 
fields (instead of a condition written in terms of the connections), is gauge invariant. These characteristics 
justify the zero-field equation, from a theoretical point of view, as a preferred field configuration. 

In the construction presented in this work the gauge fields regularity in the effective broken theories is 
accomplished by a correction to the physical fields and charge definitions inherit from the original unbroken 
theory instead of being achieved at effective action level. Although being a correct framework, a more 
desirable framework, would be to accomplished this program explicitly at the level of the action by some 
sort of mechanism. Although not clear to the author how to achieve this construction, possible approaches 
may be to consider extra fields. For example scalar fields (Witten 1979), in which case the corrections 
to the electric and magnetic field corrections may be justified as topological charge contributions due to 
the cross Hopf-term maintaining simultaneously P and T invariance. Also other possible mechanism could 
include a boundary conformal theory that offsets the boundary contributions of gauge transformations, 
similarly to Abelian NWZW- models (Wess & Zumino 1971, Witten 1983). This assumption is justified by 
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noting that the inherit quantum momenta can be described in terms of boundary contributions as we have 
shown. These topics deserve a detailed study somewhere else. 

For last we note that our construction is assuming that monopoles are treated in the same footing as 
electrons do, being fundamental particles, i.e. Dirac monopoles (Dirac). Other possible approach to 
magnetic monopoles is to consider them as gauge configurations of non-Abelian gauge groups, i.e. t'Hooft- 
Polyakov monopoles (T'Hooft 1974, Polyakov 1974). These can still be treated as particles in effective 
theories below the non-Abelian gauge symmetry breaking energy and our results could still be related to this 
framework. However for the particular case of BPS dyons (Julia & Zee 1975, Prasad & Sommerfield 1975, 
Bogomolny 1976) it was shown by Seiberg and Witten (Seiberg & Witten 1994, see also Witten 1995) that 
a duality between both electric and magnetic vacuum exists, which is distinct from the duality presented 
in our work. Furthermore as opposed to our construction Seiberg- Witten vacuum, besides being P and T 
violating, is chiral. Although not completely clear to the author at this stage, this fact may render both 
approaches non-equivalent, or at least mean that both approaches are describing different physical systems 
(at least concerning chiral symmetry breaking which is usually associated with the inclusion of fermionic 
effects). Concerning our approach and pseudo-photons, it is important to stress that the physical degrees 
of freedom are encoded in a gauge vector field (photon) and gauge pseudo- vector field (pseudo- photon) , as 
opposed to other approaches where two gauge vector fields are considered to correspond to one physical 
photon and one auxiliary non-physical photon which is integrated out of the theory. Also for pseudo-photon 
theories, exist already available theoretical results, which indicate that may exist in low-energy regimes, 
both physical systems which exhibit an unbroken phase (Castelo Ferreira 2006), physical systems which 
exhibit a broken electric phase (Castelo Ferreira & Mendonga 2006, Mendonga & Castelo Ferreira 2006) 
and systems that exhibit a broken magnetic phase (Castelo Ferreira 2007). Also, these works indicate that, 
the pseudo-photon may be a truly physical field, instead of a mathematical auxiliary field. 
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